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Motivation and overview SP-SGM Algorithm

» Score-based generative models (SGMs) [5, 6, 4] have proven highly Algorithm 1 Spectral Process Score-Based Generative Model (SP-SGM)
effective for. modelling der.ISI’[.IeS on finite dlmen.smnal space. Require: T,D,0p, Nir, e, K
» We often wish to model distributions over functional spaces. 1: /// TRAINING ///
» We represent functional data in spectral space to dissociate the 2! fG'et DY, g()\m, eﬁ) %01 fr(()jm D using Algorithm 2 > Dataset projection
stochastic and space-time components. Using dimensionality reduction A }Y’ i ite;n_ini-}Batzh om DM
techniques we then sample from their stochastic component using finite B U([Z’OTﬁIO > Uniform sampling between  and T
dimensional SGMs. 6: Ymi=e Y¥mo+(1—e2)V2G, G~ N(0,Id) > Diffuse
7: Get DSM loss 4(60,) > Compute score matching loss
8: Ono1 =0Optimiser_update(bn (0n)) > ADAM optimiser step
g 9: H* — eNiter
E - 10: /// SAMPLING ///
> = spatial domain 11: {Ymo}M_, ~ N(O, Id)_ ) > Sample from Gaussian distributiqn
e § By e 12: by(t,y) =se(T —t y)forany t € [0, T], y € RMH > Reverse process drift
g % Phchial Coliall 13: {Ym,n}%’:’\é,nzo EuIer-Maruyiama with drift by > Approximate reverse diffusion
> 14: return 6", x — S M A Ymnem(X)

b ( Algorithm 2 Spectral dataset projection

N(0, Id) Require: D = {{Y] }¥ 1L K M
Figure 1: lllustration of our methodology. SGM is performed in a spectral space. 1: Gram Tatrix Kij = K(xi,x) for xi, x; € {xs}54 = {xin : i € {1,....,L},n € {1,...,N;}} and
S=yL. N
2: SolveZ elig;ensystem %Kum = \maty
Stochastic processes 3: ém(x) ~ (v/ Samat)~1 25821 K (X, Xs)Um(Xs) >[1, Theorem 3.4]
4. Zh Sy (Yo, = 1(Xn)) (A3 ~1/28(x,) where pu(x) = E[Y,]
A stochastic process in R? is a collection of R%-valued random variables (Y yx)xcx, 5: return {Z;} i1t m—o,..M {(Am €m)} o

with X a compact input space.

» EXxisting generative modelling approaches parametrise the finite dimensional
marginals {Y, : i€ {1,...,n}, x; € X} for every n € N. 1D datasets

» The Kolmogorov extension theorem [2, Thm15.26] requires
. . . . . SP-SGM NP GP
exchangeability and consistency of the marginals to define a valid |
probability distribution on the function space. \\m;_a I\(/?Uladrath 94107 8.6115 100.0400
In order to derive a consistent method, we dissociate the stochastic part of the | D Ge.(ljaou:nﬁ i'gi‘” 51 10'81i1°9 gg';“-o
process from its space-time part using the Karhunen-Loéve theorem. | |7 \ | SAWAILN| 21405 9794151 29,4455

Table 1: Power (percent) of a kernel
Figure 2: Samples from the Quadratic dataset two-sample hypothesis test on 1D datasets.

Theorem 1: Karhunen-Loéve Theorem

Let (Yx)xex De a continuous stochastic process with continuous covariance (orange), and from a trained NP [Left, blue] Lower is better. Statistically significant best
function Ky(x1,x2) = E[(Yyx, Yx)]. Let (ém)men be the orthonormal basis of and a trained SP-SGM [Right, blue]. result is in bold.
L(x) formed by the eigenfunctions of the linear operator | » We are able to capture bi-modality while Neural processes (NPs) are not.
Tk, : f— [, Ky(x,-)f(x)dx with elgenvalul\eﬂs (Am)men- Then we have: » Quantitatively we outperform Gaussian processes (GPs) and NPs based on

. 3 2 - '

im E{sup H Y, — Z A?anem(X)H } (1) the power of a two-sample hypothesis test [7].

M— 400 xXcX m—0
_1
where for any m € N, Z, = A2 [.(Yx, €m(X))dXx. MNIST dataset
» A natural and principled approximation of the process (Y x)xcx is given by » By performing the diffusion in the spectral space, we capture and incorporate
F £ Z%:o A\ 2 Zem, spatial correlations while an ordinary diffusion process does not.

> Finite marginals induced by (Fu(X))xcx are exchangeable and consistent.

> In order to sample from (Fuy(x))xex one only needs to sample {Z,}™_,, which
IS a finite dimensional problem well suited to SGMs.

> If {Zn1M . ~ N(0O, Id) then Fyy is a Gaussian process.

» By taking a Gaussian reference measure in the SGM, we induce a Gaussian
process reference measure in the original space. This induced Gaussian
process is closest to the target distribution in the following sense:

m=0>?

Figure 3: Forward process in SP-SGM [Top] vs standard SGM [Bottom] on MNIST digits.
Pixel-wise mean and standard deviation of reference measure in rightmost columns respectively.

Proposition 1 We also performed ablation studies on truncation order and kernel choice:

Let {Zno}¥_, ~ N(O,Id) and let 7° be the distribution of > >, AIEZ 0em and » Best performance (in terms of functional MMD) was obtained for intermediate
7 the target distribution. Let GP(X') be the space of Gaussian processes on X numbers of spectral components M.
and assume K is the covariance kernel. Then, 7° € arg min,_,cp(x) KL (7|mGp). » Best performance was obtained with the covariance kernel. Smoothness

| _ Imposed by the RBF kernel tends to produce blurry samples.
» \We can consider arbitrary kernels due to Mercer's theorem [3, Thm 1.1].
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